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A new technique for neural-network-based modeling of chemical processes is pro-
posed. Stacked neural networks allow multiple neural networks to be selected and used
to model a given process. The idea is that improved predictions can be obtained using
multiple networks, instead of simply selecting a single, hopefully optimal network, as is
usually done. A methodology for stacking neural networks for plant-process modeling
has been developed. This method is inspired by the technique of stacked generalization
proposed by Wolpert. The proposed method has been applied and evaluated for three
example problems, including the dynamic modeling of a nonlinear chemical process.
Results obtained demonstrate the promise of this approach for improved neural-net-

work-based plant-process modeling.

Introduction

In the chemical industry, nonlinear models are typically
required for process control, process optimization, and pre-
diction of process behavior. Development of such models is
often a difficult task for processes that are complex or poorly
understood. When theoretical modeling is difficult, empiri-
cal, data-driven modeling provides a useful alternative. In
recent years, artificial neural networks (ANNSs) have been
proposed as a promising tool for identifying empirical proc-
ess models from process data (Bhat and McAvoy, 1990; Pol-
lard et al., 1992). Neural networks are very useful because of
their ability to model complex nonlinear processes, even when
process understanding is limited (Mah and Chakravarty,
1992). These neural network models can be used for predic-
tion, provided the process correlation structure does not
change (MacGregor, 1991). Typically, the main objective
in ANN modeling is to accurately predict steady-state or dy-
namic process behavior in order to monitor and improve pro-
cess performance. Some of the important applications of
ANNs in chemical engineering include the following:

o Fault diagnosis in chemical plants: Hoskins and Himmel-
blau (1988); Venkatasubramanian and Chan (1989)

e Dynamic modeling of chemical processes: Bhat and
McAvoy (1990); Ydstie (1990); Pollard et al. (1992)
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e System identification and control: Psichogios and Ungar
(1991)

o Sensor data analysis: Kramer (1992)

e Prediction of product quality: Joseph et al. (1992)

e Chemical composition analysis and property prediction:
McAvoy et al. (1989); Piovoso and Owens (1991)

e Inferential control: DiMassimo et al. (1992)

The typical approach to ANN-based process modeling has
been to consider a number of candidate models, and to select
one model that is expected to best predict the process out-
puts, given the process inputs. The selected model is the one
that is expected to have least prediction error in the future.
The expected prediction error of the candidate models is
usually computed by evaluating them on data available for
testing the model. When a separate data set is not available
for selecting the model, cross validation (Weiss and Kuki-
lowski, 1991) can be used. Cross validation allows model
selection by using the same sample for model development as
well as to provide a reasonable estimate of the expected pre-
diction error in the future. Using a single optimal
model implicitly assumes that one ANN model can extract all
the information available in the data set and that the other
candidate models are redundant. In general, there is no as-
surance that any individual model has extracted all relevant
information from the data set. It is well recognized in the
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forecasting literature that identifying and using a single model
is suboptimal for prediction (Bates and Granger, 1969;
Granger and Ramanathan, 1984). Clemen (1989) provides a
comprehensive review on the use of multiple models for fore-
casting. The primary conclusion of Clemen’s work is that
combining multiple models usually leads to increased fore-
cast accuracy. Combining ANN models is based on the
premise that different neural networks capture different as-
pects of process behavior: Aggregating this information
should reduce uncertainty and provide more accurate predic-
tions. Hence stacking or combining different models can be
beneficial for predictive modeling. Stacked neural networks
(SNNs), introduced here, allows multiple neural networks to
be selected and combined in an attempt to obtain a better
predictive model. The methodology is inspired by the general
method for combining models known as stacked generaliza-
tion (Wolpert, 1992). In this work, any empirical modeling
approach based on stacked generalization will be referred to
as stacked modeling or stacking.

The remainder of this article is organized in the following
manner, First the rationale for combining ANN models is
presented, followed by a discussion of stacked generalization.
Second, the methodology for implementation of SNNs is pro-
vided. The idea of stacked modeling is then illustrated using
a simple example. Following this, the feasibility of SNNs is
explored through application to two examples, including a
dynamic process modeling problem. Results obtained demon-
strate that SNNs can achieve highly improved performance as
compared to selecting a single optimal network using cross-
validation.

Combining ANN Models

Combining models to improve prediction accuracy is an
idea that appears to have originated with the work of Bates
and Granger (1969). Bates and Granger combined two differ-
ent models for forecasting a time series and reported im-
proved predictions using the combined model. Since Bates
and Granger’s pioneering efforts, a large amount of work has
been performed on combining models for forecasting. It is
now widely accepted that combining of forecasts is a prag-
matic and useful approach for producing better forecasts
(Granger, 1989).

In the classic approach to modeling, one typically assumes
that a certain ideal model is “true” and, based on available
evidence, an actual model is rejected or accepted. If it is felt
that the model is misspecified, a better model is sought. This
approach is appropriate when there is theory that guides the
specification and evaluation of the models (Diebold, 1989).
However, a more pragmatic approach can be taken: models
can be combined to improve predictions. Combining models
is equivalent to admitting that a “true” single model is not
easily attainable and that multiple models should be viewed
as different pieces of information that can be integrated.
Pooling models has a short-term perspective with an empha-
sis on real-world applications (Winkler, 1989).

The preceding arguments hold for neural-network-based
empirical modeling of plant processes. As in time-series fore-
casting, the emphasis is on maximizing accuracy on future
predictions. In ANN modeling, it is difficult to specify the
optimum ANN architecture a priori. Therefore, neural net-
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works can be viewed as inherently misspecified models since
they are an approximation of the underlying process (White,
1989). Hence, there is no reason to believe a given network
architecture represents the actual underlying structure of the
data-generating process. Different neural networks are capa-
ble of approximating different classes of functions: a suffi-
ciently large network can approximate any arbitrary function
(Cybenko, 1989; Hornik et al.,, 1989). However, because of
finite sample sizes, one tends to use architectures that are
smaller than required. Smaller networks have lesser variance
but show greater bias than the larger networks. This problem
is well-known as the bias-variance dilemma (Geman et al,,
1992). For a given problem, a number of network architec-
tures are evaluated and a hopefully optimal architecture is
selected, based on its performance on some test set. In this
article we define an optimal network architecture as one that
performs better than any other model over the entire input
space. Optimality in this sense cannot be guaranteed by sim-
ply selecting the model that produces the least average pre-
diction error over some test set. It is quite possible that dif-
ferent networks perform better in different regions of the in-
put space. This situation can arise because

e The optimal architecture was not considered by the
modeler or could not be found by the automatic network
construction methods used. Methods like cascade correlation
(Fahlman, 1990) and dynamic node architecture (Basu and
Bartlett, 1994) can automatically develop good neural net-
work models. However, optimality as defined earlier cannot
be guaranteed, as all these methods typically focus on mini-
mizing the average error over some training set, and not over
the entire input space.

e As explained by Hansen and Salamon (1990), multiple
networks are desirable because optimization of network pa-
rameters is a problem with many local minima. Even for a
given architecture, final parameters can differ between one
run of the algorithm to the next. For example, varying the
initial starting conditions for network training can lead to a
different solution for the network parameters. This tends to
make the errors produced by the different networks uncorre-
lated. Therefore, the different networks might make inde-
pendent errors on different subsets of the input space.

e Different activation functions and learning algorithms
can lead to different generalization characteristics, and no
one activation function or learning algorithm may be uni-
formly best (Hashem, 1993).

e The convergence criteria used for network training can
lead to very different solutions for a given network architec-
ture. Networks can be trained using convergent training,
which means that the neural network is trained to conver-
gence on the entire training data set. Alternately, stopped
training can be used. Stopped training involves monitoring
the performance of the network as it trains on a training set,
and training is stopped when the error on the crossvalidation
set reaches a minimum. Networks trained by stopped training
could be very different from those trained using convergent
training (Finnoff et al., 1993).

Therefore, it is possible that a combination of ANN mod-
els could outperform a single model. If better performance is
achieved using multiple models, it implies a better single
model can be found. However, finding such a model requires
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further time and effort, with no assurance that the better sin-
gle model will be found. Instead of searching for a better
model, combining existing neural networks can provide a
practical approach to develop a better overall model for pre-
diction by using the models already at hand.

Stacked Generalization

To maximize the benefits of combining models, effective
schemes for combining them must be used. From the fore-
casting literature, the usual approach is to model the true
output as a linear combination of the outputs of the individ-
ual models. This can be shown to have lesser mean square
error than any of the individual models (Granger and Ra-
manathan, 1984). In the context of neural networks it has
been seen that a linear combination of neural networks often
improved predictions (Hashem, 1993; Perrone and Cooper,
1993). The primary limitation of these methods is that model
selection is not considered in conjunction with model combi-
nation. When using nonparametric methods like neural net-
works, it is possible that overparametrized models may be
included in the combination. It is often difficult to judge which
ANN model is a good generalizer. Hence models with poor
generalization could be included along with good models,
causing performance of the combined model to be poor. For
instance, Hashem (1993) uses a weighted average of the out-
puts of the candidate networks, estimated from the training
data. To check the robustness of the combined model he pro-
poses testing the individual models and the combined model
on a crossvalidation set. While determining the combination,
the reliability of the individual networks is not taken into ac-
count. Hashem later proposes algorithms that check if per-
formance of the combined model is better than the individual
models. In Hashem’s work, the issue of whether the com-
bined model is a good predictor is addressed only after a set
of models has been selected and combined.

Stacked generalization (Wolpert, 1992) has been proposed
as a technique for combining models, Preliminary efforts by
Sridhar et al. (1995) showed promise for improved predictive
modeling using stacked generalization. The novel feature of
stacked generalization is that it attempts to simultaneously
solve the problem of model selection and estimation of model
combinations to improve model predictions. This feature is
inherent in the stacked generalization procedure, because it
has been developed as an extension of nonparametric statisti-
cal methods used for model selection. The idea is that by
analyzing the performance of the original models, using a sta-
tistical resampling scheme, one can estimate a combination
of the original models that will maximize prediction accuracy
in the future. Stacked generalization is based on the assump-
tion that the resampling methods provide more information
than simply specifying which model is the best: it can allow
estimation of combinations of models that can provide more
accurate predictions. The data used for fitting a stacked gen-
eralization model are generated using the same method as
for cross validation. Stacked generalization can be viewed- as
a more general solution to estimating an optimum predictive
model, while accounting for the bias-variance trade-off. Cross
validation simply selects one model that minimizes the ex-
pected prediction error. Thus cross validation provides a so-
lution to minimizing future prediction error subject to the
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assumption that the minimization needs to be achieved by a
single model. In fact, cross validation can be viewed as a spe-
cial case of stacked generalization. Stacking relaxes the as-
sumption that one model needs to be selected and used for
prediction. Multiple models can be selected and optimally
combined to maximize prediction accuracy. The main goal is
to maximize expected generalization in the future. If a com-
bination of models reduces the expected prediction error,
then it is preferable. Hence, stacking provides a method to
estimate combinations of models that can in theory maximize
generalization accuracy.

The details of stacked generalization can be found in
Wolpert’s article: in this article, we provide a brief overview
of this technique. The objective of stacked generalization is
to fit a model for the true output. The inputs to the stacked
generalization (SG) model are the outputs of the different
models. The concept of stacking different models is shown in
Figure 1. The models that are developed from the original
training set are referred to as the level-0 models. Consider
the simplest case when we have two level-0 models, M, and
M,. Let the training set be partitioned into L,, containing
one pattern (x, y) and L,, containing the remaining patterns.
Both M, and M, are trained on L, and then tested on L,.
Let the outputs of the two models be y; and y,, while the
true output is y. This information can be considered to be
input-output information in a different space, with two inputs
(the predictions of the two models) and one output (the ac-
tual output). Repeating the previous procedure with each
training pattern in L,, we obtain a data set L containing the
predictions of the two models and the true output. This data
constitutes a new data set that can be used to train a new
model M; to predict y given y, and y,. M, is known as the
level-1 model. For any novel input vector x ., the predic-
tions y, and y, are obtained and these predictions are com-
bined by M, to produce the final prediction y,. Extension of
this approach, when more than two models are considered, is
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Figure 2. Architecture for stacked neural networks.

based on the same principles discussed earlier and is fairly
straightforward.

Stacked Neural Networks

When the candidate level-0 models are ANNs and they are
combined using stacked generalization, we define the result-
ing model as a SNN. In this work, attention is restricted to
level-0 models that are single-layer backpropagation net-
works. Of course other level-0 models such as radial basis
function networks, general regression networks, and back-
propagation networks with more than one hidden layer can
be used. The methodology developed here to stack level-0
neural networks can easily be extended to include any level-0
model. The level-1 models considered in this article are lin-
ear models. The proposed architecture for SNNs is shown in
Figure 2.

Assume that a data set D((y,, x,):1 <n < N) has been col-
lected on some process of interest. Here, y denotes the out-
put variable, x denotes the input vector, N is the number of
training patterns, and »n is the pattern index. It is assumed
that M neural networks (N;, N,, ..., Ny,) are the candidate
level-0 models. The level-0 data set will be denoted by D, .
The data used to develop the level-1 model will be denoted
by D, ;. The following algorithm is used for both stacking the
ANN models and for selecting the best ANN model using
k-fold cross validation. The approach can be easily extended
for problems with multiple outputs.

1. Set the level-0 data set D;, equal to the data set D.
Train the M level-0 networks using D, ;. Denote the jth net-
work trained on Dy, as N(D,,), and denote the set of these
level-0 networks as N(Dpo) ={N{(D,¢)1 <j < M}. The
N(D,,) should be saved for use in the SNN model.
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2. Divide the data set D into k disjoint subsets with an
equal number of patterns, D;, D,, ..., D;, as in k-fold
crossvalidation. Define CV; as D — D,. CV, contains all the
patterns in the data set D except the patterns in D,.

3. Repeat the following for 1 <i < k: train the M candi-
date ANN models using the data set CV,. Denote the jth
network trained on CV; as N(CV)), and denote the set of
these trained networks as N(CV)) ={N(CV)):1 <)< M}.
Note that the N(CV;) have the same architecture as the M
level-0 networks; however, they are trained on data set CV,.
The sole reason for developing the networks N(CV)) is to
construct the level-1 data set D; ;. Recall N(CV}) on the data
set D;. Denote the prediction of the jth network for pattern
n in data set D; as yp,;. For pattern n, the output of the
candidate models is collected in an M-dimensional vector yp,,
={yp,;:1<j< M}. The actual output y, and the network
outputs yp, constitute the output and input, respectively, for
the nth pattern in data set D;,. Discard the networks
{N(CV)1<j< M)

4. Step 3 produces the level-1 data set D;(y,, yp,). Data
set D;, contains the true output and the predictions of the
M models, for all the N training patterns.

5. Compute the prediction sums of squares errors (PRESS)
for each of the M networks in N(D, ;). PRESS for network j
is calculated as

N
2
PRESS; = ). (y,—p,))"

n=1

6]

The network with the minimum PRESS is considered to be
the optimal single network.

6. For developing the stacked model, the following level-1
model will be used to combine the M level-0 neural networks
in N(Dj ).

M
y= 2 ayp;, )]
j=1

where all the model coefficients «; are required to be posi-
tive. Similar combining rules have been used for combining
models for forecasting (Bates and Granger, 1969; Granger
and Ramanathan, 1984) and more recently for combining re-
gression models (Brieman, 1992). D, is used to estimate the
parameters of the level-1 model. The objective function to be
minimized for the level-1 model is the output sums of squares
errors over D;;. More complex level-1 models can also be
used if desired.

7. For prediction on a novel input pattern, the input is fed
through all of the candidate models. The outputs of the level-0
neural networks are combined using the level-1 model to pro-
duce the final prediction.

The proposed method is shown in Figure 3. It should be
noted that the method just outlined can be used not only
with k-fold cross validation, but with any data-based model-
selection technique. One commonly used approach is to di-
vide the data set into two data sets: D, used for training the
candidate models and D, for testing the developed models.
Development of SNNs in this case is a straightforward varia-
tion of the method just discussed. D, constitutes the level-0
data set D, , and testing on D, produces the level-1 data set
D,,.
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Figure 3. Developing the stacked neural network.

The methodology for developing stacked models will first
be illustrated using a simple example. Application of the
stacked neural network (SNN) approach to two example
problems, with a discussion of results, will then be presented.

Example 1. The first example involves identification of a
simple function, using linear regression and nearest-neighbor
models as the candidate models. Neural networks are not
considered as candidate models in this example, since it is
intended to illustrate the idea of stacked modeling in a sim-
ple manner. Assume that the true parent function generating
the data is

w=x+y+z, 3)

where x, y, z are independent variables assumed to be drawn
from a uniform distribution on the interval [0,1]. A data set
of eight patterns corresponding to the eight corners of the
unit cube, defined by the independent variables, has been
collected for identifying the function (Table 1). The following

Table 1. Training Data and Cross Validation Results for
Example 1

Training Data Cross Validation

models wy, w,, w; (level-0 models) are considered as candi-
dates for identifying the true function w:

1l.w,=x

2. wy=ay+bz

3. Nearest-neighbor model using variables y and z. For
the nearest-neighbor model w, = output for the nearest pat-
tern in the data set. For example, for the pattern (0.05, 0.1,
0.1) the closest training pattern is (0, 0, 0). Therefore the
output of the nearest-neighbor model is 0.

These functions are deliberately chosen to illustrate the
central ideas behind stacked modeling. It is obvious that each
of the models alone is incapable of representing the true
function. Models 1 and 2 together contain all the information
required to identify the true function. Model 3, which is the
nearest-neighbor model, provides a perfect fit to the training
data, unlike models 1 and 2. However, model 3 is not a good
approximation to the true function and is in fact redundant,
given models 1 and 2. Ideally, it is desired that stacking the
three candidate models should result in models 1 and 2 being
combined while model 3 should be rejected. Table 1 also
shows the outputs of the models obtained using leave-one-out
cross validation. w;” is the prediction of model i on the jth
pattern when that pattern is left out and the model is devel-
oped using the rest of the data. Table 2 shows the expected
prediction error, E(MSE), for all three models, computed us-
ing cross validation. The performance of the three models,
evaluated on 10,000 test patterns is also shown. The perfor-
mance measures used are the mean square error (MSE) and
the linear correlation coefficient (r), between the desired
output and the model’s actual output. Model 2 is identified
by cross validation as the best single predictor, as it has the
least expected prediction error. Model 2 is indeed the best
individual predictor, as it has the least error on the test data
set. However cross validation has ignored the useful informa-
tion in model 1. Clearly using a single model is suboptimal in
this case. Stacked modeling, on the other hand, attempts to
identify a combination of the three models. Fitting the com-
bining rule defined by Eq. 2 to the level-1 data shown in Table
1, results in the following level-1 model:

1]

w,=1.22w;+0.728w,. @

Substituting for the functions w, and w, in terms of the
independent variables x, y, and z gives the final model:

w=1.22x+0.92y +0.92z. )

The expected prediction error and the error on the test
data set for the stacked model are both less than that of any
of the other single models. Combining the three models re-
sults in a stacked model that is quite close to the actual func-

Pattern x y z w wi} w3j w5}
1 0 0 0 0 0.0 0.0 1.0 Table 2. Comparisons of Models for Example 1
2 0 0 1 1 0.0 1.5 2.0
3 0 1 0 ! 00 L5 20 Model MEE Tels\/tI%Eata TestrData
4 0 1 1 2 0.0 3.0 3.0
5 1 0 0 1 1.0 0.0 0.0 w=x 1.50 1.33 0.57
6 1 0 1 2 1.0 1.0 1.0 w =133y +1.33z 0.59 0.36 0.81
7 1 1 0 2 1.0 1.0 1.0 Nearest neighbor 1.00 0.50 0.70
8 1 1 1 3 1.0 2.5 2.0 Stacked model 0.02 0.08 0.99
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tion. The stacked model is better than any of the individual
models investigated. It can be seen from Eq. 4 that model 3
is completely rejected, and models 1 and 2 are combined to
effectively approximate the true function. This example illus-
trates the usefulness of combining when the candidate mod-
els are misspecified. If we had specified one of the candidate
models more accurately, we could have exactly identified the
true function. In this example, if we had attempted to fit

w=ax+by+cz 6)
the true function would have been identified exactly. If we
can accurately specify models, combining would not be re-
quired. In the present example, it is possible to determine
the true model. However, in complex real-world problems
model specification, as well as determining the optimal model,
can be quite difficult. In such situations we would expect that
stacked modeling will provide us with better predictions by
integrating all the useful information that the various candi-
date models may have acquired. It should also be noted that
in the preceding example none of the models used all the
variables. It is therefore obvious that the models have infor-
mation that is independent of each other. The problem was
designed to illustrate the benefits of stacked modeling in a
simple manner. The use of Eq. 2 for stacking is very effective
for this example. In general, it is not known what level-1
model is most effective for stacking the candidate models.
However, for the sake of simplicity, we have restricted our
attention in this article to the linear level-1 model.

Example 2. 1t is often possible that all the candidate mod-
els considered for approximating a given process use all of
the independent variables. The independence of information
contained in the outputs of these models arises from the in-
herent differences in the approximation abilities of the candi-
date models. Of course, some correlation between the candi-
date models is inevitable, since they all make use of informa-
tion from the same data. However, the information that is
captured could be different, and this is what we seck to take
advantage of and integrate through stacked modeling. For this
example, the objective is to estimate the six-dimensional ad-
ditive function,

y =10sin (7rx;x,) +20( x4 ~0.5)%+10x, +5x5+0x5. (7)

The x; were generated from a uniform distribution in the
six-dimensional hypercube. This function has been used as a
benchmark for MARS (Friedman, 1991), and more recently
for comparing neural network and statistical methods
(Cherkassky et al., 1995). We follow an approach similar to
Cherkassky et al. for this study. The training data set S; con-
sisted of 100 samples, and constitutes the level-0 data. The
added noise was Gaussian with a signal-to-noise ratio (SNR)
of 4.0. The SNR is defined as

SNR = a,/0x, 8

where, g, is the standard deviation of y and oy is the stan-
dard deviation of the noise. In addition we also generated a
data set S, consisting of 50 patterns. Data set S, was used

for model selection and model integration. A test data set S,
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Table 3. Comparisons of Models for Example 2

RMSE RMSE NRMS
Network Data Set S, Data Set S, on $;
6Xx5x%x1 6.24 513 0.32
6Xx10x1 6.06 533 0.34
6x20x1 14.15 12.60 0.80
6x40x1 12.54 11.50 0.73
SNN 5.40 3.94 0.25

of 10,000 patterns without any noise was generated to mea-
sure the performance of the different models. The perfor-
mance metric used was the normalized root-mean-square er-
ror (NRMS), which is the average root-mean-square error on
the test data set normalized by the standard deviation of the
data set. NRMS represents the fraction of unexplained stan-
dard deviation. Four different single hidden layer backpropa-
gation networks N;, N,, N;, and N, with 5, 10, 20
and 40 hidden nodes, respectively, were developed. Networks
were trained using the scaled conjugate gradient algorithm
(Moller, 1993). N, was trained on all 100 patterns. For the
remaining networks, stopped training was used. These net-
works were trained on 70 randomly selected patterns and their
performance was monitored on the remaining 30 patterns.
The weights that gave the least error on the 30 patterns were
considered to be the optimal weights for the networks. Per-
formance of the candidate networks on the data set S; was
evaluated by computing the NRMS. The different models
were then stacked to obtain the SNN model. The NRMS for
the SNN was also computed. The performance comparisons
are shown in Table 3. Using cross validation, N, is selected
as the best model. N, has an NRMS of 0.34 on the test data.
N, also performs similar to N,. The larger networks N; and
N, perform poorly and appear to be overparameterized.
Testing on S5 shows that these models are indeed poor gen-
eralizers. The competing networks were then combined using
SNN and resulted in the following level-1 model:

y,=0.469%y, +0.531* y,, C)
where y, is the output of the SNN and the y; are the outputs
of the ith network. The RMSE of the SNN on the test data
was found to be 0.25. Thus, a reduction of 26% in the predic-
tion error was obtained using SNN over the cross-validation-
selected network. It is interesting to note that Cherkassky et
al. (1995) reported an NRMS of 0.319 for this problem. Their
results are slightly better than those obtained in this work,
with Ny (NRMS =0.32) and N, (NRMS =0.34). However,
SNN helped us significantly improve the model performance.
SNN had NRMS of about 22% less than that reported in
Cherkassky’s work. N; and N, were rejected by the SNN
model, while N; and N, were combined to provide an im-
proved model. SNN was able to successfully integrate the
knowledge acquired by the candidate networks. In terms of
overall performance, both N; and N, are equally good
(NRMS within 6% of each other). Improved performance by
combining the two models means that the models make er-
rors of different types. Indeed the linear correlation coeffi-
cient between the errors made by the two models is very small
(r=0.11). As pointed out earlier, a number of reasons can
cause networks to perform very differently. In this case, the
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network architecture, the use of both convergent and stopped
training, and the different weight initializations led to the sig-
nificant differences between models N, and N,. The error
independence of the two models allowed SNN to integrate
the two models and develop a better model. It can be argued
here that a single network could have been found that has
the same performance as the SNN. Indeed this is theoreti-
cally possible. Obtaining this optimal model would, however,
require searching for such a model. The SNN method avoided
a further search and provided a direct approach toward ob-
taining a better model.

Dynamic Modeling Example

This example is intended to demonstrate the.performance
of SNNs for a more practical modeling problem. In this ex-
ample, the performance of the SNNs was examined for train-
ing sets of different sizes and various noise levels.

The process considered is an ideal, adiabatic continuous
first-order exothermic reaction in a continuous stirred-tank
reactor (CSTR), shown in Figure 4. This process has been
used as a benchmark for internal model control (Economou,
1986), radial basic-function modeling (Leonard et al.,, 1992),
and comparison of backpropagation networks and multivari-
ate adaptive regression splines (DeVeaux et al., 1993). The
feed to the CSTR is pure A4 and the desired product is R.
The system is simulated by the following coupled ordinary
differential equations.

dAo Ai - Ao
=————k;A,t+k_4R,
dt T
dR, R,-R,
= +k,A,—k_(R,
dt T
dT, —AH, T-T,
=———(kj4,-k_;R)+ , 10)
dt PC, T
where
-
k.=
1= €1 exp( RT,
-0
k_ = .
1 c_lexp( R,
AR T;
7 ATTR
XD
Ay Ro, T,
Figure 4. CSTR.
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Table 4. Constants and Steady-State Operating Conditions
for CSTR
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The variables A, R,, and T, represent the state variables
of the system and are the feed species concentration, the out-
put product species concentration, and the reactor’s tempera-
ture, respectively. The goal of the modeling is to learn the
open-loop relationship between the controlled variable, which
is the concentration of species R, and the manipulated vari-
able, which is the temperature of the feed stream, 7. It is
desired to predict the concentration of species R at the next
time step, given the state variables 4,, R,, T, and the ma-
nipulated input 7;. The input and output dimensionality of
the system are 4 and 1, respectively. The steady-state operat-
ing point and the process parameters are as given in the arti-
cle by Economou et al. (1986), and are shown in Table 4. A
method similar to that in DeVeaux et al. (1993) was used to
generate the training data for the neural network modeling.
The preceding set of differential equations was integrated,
with T varying randomly with a vniform distribution within
15% of the steady-state operating point. Sampling time for
the process was 30 seconds. During the simulation, the sys-
tem’s state variable as well as manipulated input were
recorded. At the end of the sampling instant, the system’s
response was also recorded. Measurement noise was added
to the noise-free simulation. The noise was assumed to be
Gaussian. A time-series plot of one realization of the data is
shown in Figure 5. Training data sets S, of sizes 50, 70, 100,
and 120 were generated at five different noise levels with
standard deviations of 2.5%, 5.0%, 7.5%, 10%, 12.5% of the
range of the output, respectively. Thus a total of 20 data sets
were considered in this study. A noise-free test data set S, of
10,000 patterns was also generated in order to test and com-
pare all the models developed.

In this analysis, the following terminology will be used:

1. Cross validation selected network (CVSN): This is the
network that is selected using the cross validation scheme.

2. Stacked neural networks (SNN): SNN represents the
stacked model, where the competing ANN modelis are stacked
using the technique described earlier in this work.

3. Best a posteriori network (BAPN): After the CVSN and
SNN have been developed and tested, all of the candidate
models are tested on the test data S,. The network with the
least error on the test data set S, will be referred to as the
best a posteriori network.

The CVSN and SNNs will be compared to the BAPN in
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Figure 5. Feed temperature sequence and concentra-
tion response of CSTR.

the following analysis. The rationale for using the BAPN as a
baseline for comparison is that BAPN represents the best
performance that could have been obtained given the candi-
date networks and assuming we wanted to select and use only
a single network as our model. The idea behind using cross
validation is to identify the BAPN beforehand. However, the
BAPN may or may not be successfully identified by cross vali-
dation. In either case, the CVSN can never be better than
the BAPN. SNNs, on the other hand, have the potential to
identify stacked models that may be better than the BAPN.

Eight neural network models [N;:1 <i < 8] with 1, 2, 3, 4,
8, 12, 16, and 20 hidden nodes, respectively, were considered
as the level-0 models for modeling the process. For the train-
ing algorithm, the scaled conjugate gradient algorithm
(SCGA) was used (Moller, 1993). The methodology described
earlier in this work was used to stack the eight networks, and
k-fold cross validation was used to identify the CVSN. The
neural nets considered in this example had one hidden layer
and used the hyperbolic tangent function as the activation
function. Weight initialization for networks N, N,, N;, N,
was performed using the method based on principal-compo-
nent regression, proposed by Piovoso and Owens (1991). The
remaining networks were initialized with random weights dis-
tributed uniformly on [—0.1,0.1].

After training, the performance of the SNN and the CVSN
was tested on the 10,000 patterns. Finally, all eight networks
were evaluated on the test data set to identify the BAPN.
The mean absolute prediction error (MAPE) (Makridakis et
al., 1983) was used for making the comparisons. Table 5 shows
the CVSN, the MAPE for the CVSN, the MAPE for the SNN,

2536 September 1996

Table 5. Comparison of the Models for Continuous
Stirred-Tank Reactor Data

% Reduction

Sample % MAPE MAPE in MAPE
Size Noise CVSN CVSN SNN Using SNN
50 25 N, 77.7 48.7 37
50 5.0 N; 92.9 67.5 27
50 7.5 N, 1252 89.4 29
50 10.0 N, 130.1 772 41
50 12.5 N, 90.1 63.4 29
70 2.5 N, 74.7 59.6 20
70 5.0 N, 67.0 54.4 19
70 7.5 N; 67.8 538 20
70 10.0 N, 73.5 48.8 34
70 12.5 N, 67.9 60.0 12
100 2.5 N; 92.9 78.6 15
100 5.0 N, 103.5 81.0 22
100 7.5 N, 833 77.6 7
100 10.0 > 80.9 69.4 14
100 12.5 N, 76.3 65.8 14
120 25 N; 94.6 721 24
120 5.0 A 95.0 68.7 28
120 7.5 N, 95.3 73.6 23
120 10.0 N, 73.4 58.0 21
120 12.5 N, 63.8 58.7 8

and the percent reduction in MAPE using SNN as compared
to using the CVSN, for all 20 cases. For convenience, the
numbers have been multiplied by 10,000. As can be seen from
Table 5, SNNs outperformed the CVSN in all cases. Reduc-
tion in prediction errors achieved by using the SNN, as com-
pared to using the CVSN, ranged from 7% to 41%.

Graphical comparisons of the SNN with the CVSN and
the BAPN for the different cases are shown in Figure 6. For
clarity, in all the figures, the predicted errors have been nor-
malized with respect to the errors for the BAPN. When nor-
malized in this manner, BAPN always has an average error of
1.0. The results shown in Figure 6 indicate that the behavior
of k-fold cross validation tends to be erratic. Difference be-
tween the MAPE of CVSN and BAPN ranged from 0% to as
high as 130%. There was also no apparent correlation be-
tween the performance of CVSN and the SNN with respect
to sample size and noise levels. The reason for this behavior
is that there are a number of other factors that can influence
the level-1 data generated. The random partitioning of the
data set into & data sets for cross validation and the random
weight initialization used in neural network training strongly
influence the level-1 data. Moreover, it is known cross valida-
tion estimate of prediction error can show high variance
(Weiss and Kukilowski, 1991). These factors make it difficult
to discern any systematic behavior in the performance of the
CVSN and the SNN with respect to sample size and noise.
However, these factors equally affect both SNN and CVSN,
since they both make use of the level-1 data. Therefore, it is
easier to compare the relative performance of SNNs with re-
spect to CVSNS. In the following discussion we focus atten-
tion on the relative performance of SNN with respect to the
CVSN and how it is affected by noise and sample size.

Figure 6a shows the performance comparisons of CVSN
and SNN to BAPN for a sample size of 50, at different noise
levels. The performance of CVSN for this sample size is good
for low noise levels; however, it performed very poorly at high
noise. For a noise level of 2.5%, a reduction of 32% in error
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Figure 6. (a) SNN vs. CVSN for sample size = 50; (b) SNN vs. CVSN for sample size = 70; {(c) SNN vs. CVSN for
sample size = 100; (d) comparison of SNN and CVSN for sample size = 120.

was obtained using SNN, as compared to using the BAPN, At
higher noise levels SNN produced errors greater than BAPN.
However, crossvalidation performed very poorly for these
cases. For 10% and 12.5% noise, the CVSN produced 130%
and 67% greater error than BAPN, Poor performance of k-
fold cross validation implies that the level-1 data does not
provide a reliable indication of model accuracy. Inaccurate
level-1 data also affects the SNN adversely. SNN produced
36% and 18% greater error than BAPN. Nonetheless, SNN
was significantly better than the CVSN: this shows that even
when level-1 data are inaccurate, SNN performed better than
the CVSN. When level-1 data are unreliable, cross validation
is inaccurate and it is difficult to decide which model is ap-
propriate. Under these conditions it seems unreasonable to
simply select one mode! and reject the others. SNN weights
the other models instead of simply using the wrong model.
Averaging, as accomplished by stacking, seems to be benefi-
cial under these circumstances. The results here demonstrate
another important point: performance of SNN and CVSN will
be correlated. Correlation between the two methods is to be
expected since SNN is using the same level-1 data as CVSN,
although in a different manner. The performance of both
techniques depends on the accuracy of the level-1 data.
Figure 6b shows the results for a sample size of 70. For this
sample size, SNN outperformed the BAPN, for all noise lev-
els. Clearly, no single model is optimal, and model integra-
tion accomplished by SNN finds a better model. Again, the
correlation between CVSN and SNN is noticeable. CVSN
performs very well in all cases shown. At the most, it pro-
duces 13% greater error than BAPN, indicating that the
level-1 data are accurate. SNNs make better use of the level-1
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data to construct a stacked model that produced average er-
rors that were 10% to 26% lesser than BAPN. Accurate
level-1 data allowed the SNNs to successfully integrate the
independent information provided by the various candidate
models. Hence it appears that SNNs can outperform the
BAPN when a number of competing models are good predic-
tors, there is low correlation between the errors made by the
models, and the level-1 data are accurate. Figure 6¢ shows
the results for sample size of 100. Cross validation performs
poorly at the low noise levels. It produces errors of up to
40% greater than BAPN. Maximum error for the stacked
model is 15% greater than BAPN. Figure 6d shows the
results for sample size of 120. Cross validation produces
models with up to 34% greater error than BAPN. SNNS, on
the other hand, perform as well as or better than BAPN, for
all the cases. Figure 6¢ and 6d also show SNN and CVSN
performance similar to Figure 6a and 6b. Correlation be-
tween SNN and CVSN performance is clearly evident. As
discussed earlier, such a correlation is to be expected. The
interesting point is that the combination determined by the
level-1 model consistently outperforms the single model se-
lected by k-fold cross validation.

To examine the robustness of SNNs with respect to varying
noise levels, we plot the percent reduction in prediction error
using stacking for different noise levels at several sample sizes
(Figure 7). Stacking performance does not appear to be sen-
sitive to noise since substantial improvements over CVSN
could be obtained at all the noise levels used in this study. It
can also be seen that the maximum improvement using SNNs
was produced at the smallest sample size considered in this
example (sample size of 50). This can be expected because
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Figure 7. Reduction in MAPE using SNN vs. using CVSN
for different noise levels.

variation between the models tends to be larger and errors
made by different models showed lesser correlation for small
data sets. The linear correlation between the errors made by
the models ranged from 0.2 to 0.6 for a sample size of 50. For
the larger sample sizes, the corresponding correlation coeffi-
cient ranged from 0.4 to 0.8. Hence combining was most ben-
eficial at the small sample size. Smaller data sets also cause
greater uncertainty regarding model selection, hence stacking
can be a safer strategy as opposed to selecting a single model.

The preceding results suggest that the SNNs can consist-
ently outperform the CVSN irrespective of the accuracy of
the level-1 data. It appears that the SNNs make better use
of the level-1 data, as compared to k-fold cross validation. Of
course, situations can arise when cross validation can be bet-
ter than the stacked modeling approach. For example, a poor
level-1 generalizer can undermine the benefits of stacking.
This has not been encountered by us, indicating the efficacy
of the level-1 model used in this work. Since the level-1 model
used in this example is linear, models with higher linear cor-
relation to the actual output tend to be more heavily weighted.
It is, however, possible that models whose outputs have low
linear correlation could be important in a nonlinear sense.
Such models cannot be effectively integrated by the linear
level-1 model. It is important to identify and develop level-1
models that can develop nonlinear combinations of the can-
didate models. Identification of such general nonlinear level-1
models should further enhance the advantages of stacked
modeling, and deserves further investigation.

Conclusion

In this work, a novel approach to empirical neural-network-
based modeling of chemical processes has been proposed.
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Conventional approaches identify and use a single model for
prediction. We have presented a novel architecture, stacked
neural networks (SNNs), that effectively integrates the
knowledge acquired by different networks to obtain a better
predictive model. A technique for stacking neural networks
has been developed and implemented. A linear model was
used to stack the candidate networks. However, any nonlin-
ear model can also be used. Stacked modeling was illustrated
using a simple example and the performance of SNN was
studied for two examples including the dynamic modeling of
a chemical process. The examples demonstrate the feasibility
of using stacked neural networks for improved modeling of
chemical processes.

The main results of this work are summarized below:

1. Stacking consistently outperformed cross validation for
all the cases studied. The SNN approach described in this
work appears to be a promising technique for empirical
ANN-based plant-process modeling. The only disadvantage
of this method appears to be the increased computation time
associated with developing the combination.

2. The linear level-1 model used in this work was seen to
be an effective method for combining the level-0 neural net-
works.

3. For the dynamic modeling example, SNN performance
did not degrade with increasing noise. SNN appears to be
beneficial over a wide range of noise levels. Furthermore, the
largest improvement using the SNN was obtained at the
smallest sample size considered in the example.

The concept of stacked modeling can be easily extended to
models other than linear combinations of backpropagation
neural networks. Other empirical modeling methods, like ra-
dial basis function modeling, polynomial regression, and par-
tial least squares, can also be combined using the approach
described in this work. A diversity of models used as the
level-0 models should further enhance the performance of
the present technique, since the errors produced by a diver-
sity of models are less likely to be correlated. It is important
to determine what other models can be combined with neural
networks. Achieving optimal performance would also require
effective combining rules. Identification of such rules is an
important issue for further research, and should be exam-
ined.
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